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1. INTRODUCTION 
The purpose of this paper is to characterize the four-dimensional uni- 
modular group L,(q) over the field of characteristic 2 by the structure of the 
centralizer of elements of order 2. Let H, denote the centralizer of an element 
of order 2, which is contained in the center of a Sylow 2-group of L,(q) for 
q = 2n. If the element 
is chosen, the group HP is the set of matrices 
p2 det M = 1, 
A a column vector, 
B a row vector, 
(14 
over the field of q elements. The characterization of L,(q) is given in the 
following theorem. 
THEOREM 1. Let G be a simple group of Jinite order. Suppose that G contains 
a subgroup H which satisJes the two conditions: 
(1) H is isomorphic to H, for some q = 2n, and 
(2) H = Co(j) for any element j of order 2 contained in the center of H. 
Then G is isomorphic to L,(q) if q > 2. If q = 2, then G is isomorphic to either 
L,(2) or the alternating group of 9 letters. 
* Research done while the author held an associate membership of the Center for 
Advanced Studies at the University of Illinois, and supported in part by a grant from 
the National Science Foundation. 
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We remark that L,(q) is simple and that PSL,(q) = SL,(q) for q = 2”. 
It is known that L,(2) is isomorphic to the alternating group on 8 letters. So 
Theorem 1 is a generalization of a theorem of Held [5] for simple groups. In 
fact the simplicity assumption on G may be removed, as is done in [5]. 
Statements, and arguments as well, are a little different in the case q = 2. 
We are content to concern when q > 2. 
THEOREM 2. Let G be afinitegroup. Suppose that a subgroup H satisfies the 
two conditions of Theorem 1. Assume furthermore that q > 2. Then we have 
one of the following cases: 
(a) H 4 G 
(b) G has a se&s of normal subgroups 
such that 1 G : GI 1 = 3 or 1 according as q = 1 (mod 3) or not, GI/Gz z L,(q), 
G,/G, is a cyclic group of order q - 1, and G, is an elementary abelian group 
of order 4”. 
(4 G = L,(q)- 
We remark that we used L,(q) to mean PSL,(q). If q = 2, then (a) has to 
be replaced by the condition that H has a normal complement in G, and of 
course we have to add the possibility of the alternating group on 9 letters. 
Since the case q = 2 has been treated in [.5], we will assume q > 2 in most 
places. However with a slight modification in argument we could include 
the case q = 2. The argument of [5] depends on an earlier work of Wong [12] 
in case of A, , which depends heavily on the theory of characters. Our 
argument provides an alternative approach, with less dependence to the 
theory of characters. 
The idea of the proof of Theorem 1 is to construct an appropriate (NV)- 
pair, in the sense of Tits [9], for G. It turns out that the study of fusions of 
elements of order 2 yields informations on the structure of the normalizers 
of some maximal abelian subgroups. From these informations the structure 
of the Weyl group of the (BN)-p air emerges. Section 5 is the study of the 
normalizer of a particular abelian subgroup. A subgroup G,, with a (BN)-pair 
whose Weyl group is the symmetric group on 4 letters will be constructed in 
Section 6. It is known to many people that G, involves L,(q). We refer to [Zl] 
for the most general result in this direction. There are many other way to 
establish this, including a rather direct method to prove the isomorphism 
G, g L,(q) in our special setting. We will not concern this point in the 
present paper. In the last Section 7 we prove G,, = G if q > 2. Section 2 
contains various properties of the group H, and Section 4 is a collection of 
necessary technical lemmas. Section 3 treats some nonsimple cases: in partic- 
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ular we prove that (a) or (b) in Theorem 2 holds when G contains a normal 
2-group which is maximal abelian and elementary. The proof of this depends 
on a theorem of Ostrom-Wagner [6] on finite projective planes. 
Some arguments in later sections depend rather heavily on the structure 
theorem of (Z-1)-groups with ab,elian Sylow 2-groups (cf. [S] for the definition 
and the main theorem of (TI)-groups), which requires applications of the 
character theory. In this work the character theory is never used explicitly. 
Similar characterizations of U,(2”) and Sp,(2”) have been obtained and 
will be discussed in subsequent papers. Notation is standard. We consider 
finite groups only. 1 X 1 denotes the number of elements contained in a subset 
X. X - Y is the set of elements of X which are not contained in Y. We use 
this notation even if Y may not be a subset of X. 
N,(Y), Cr(Y) and Z(X) denote the normalizer, the centralizer of Y in a 
group X and the center of X, respectively. 1 X : Y ] denotes the index of a 
subgroup Y of a group X. 
Whenever matrices are written, blank spaces represent 0. 
The letter 4 is reserved for the number of elements in the field, from which 
entries of matrices are taken. Thus, Q = 2”. 
An element of order 2 is called an involution. A group is called 2-closed, 
if its Sylow %-group is normal. Equivalently a group is 2-closed if the set of 
2-elements forms a characteristic subgroup. 
2. PROPERTIES OF THE GROUP H, 
In this section we consider the group Hq, which will be denoted without 
subscript as H. 
(2.1) H has a chain of normal subgroups 
H3N3231, 
where H/N is isomorphic to GL(2, q), N is a 2-group of class 2 and of order 
@, Z = Z(H) and it is of order 4. 
Proof. The mapping which maps the element of H of the form (1.2) to 
the 2 x 2 matrix M is a homomorphism f of H into GL(2, q). Since M can be 
arbitrary, f is onto. The kernel N off consists of matrices of the form 
( AI 1 1 1 0 7 
Y B1 
I=o 1’ ( 1 P-2) 
with arbitrary A, B, and y. Then N is a 2-group of class 2 and of order @. 
The center of His the set of matrices with A = 0 and B = 0 in (2.2). 
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(2.3) The set S of matrices 
forms a Sylow 2-group of H. 
Proof. By (2.1) we have 
(2.4) 
I H I = 48(@ - 1) (4 - 1). 
Since S C H, we obtain (2.3). 
The matrix multiplication yields the following properties. 
(2.5) The element (2.4) is an involution if and only if either 01 = 7 = 0 
or S = eye + 817 = 0. 
(2.6) An involution of H is conjugate to an involution of the form (2.4) 
withol=q=O. 
More precisely we have the following. 
(2.7) If t is an involution of N - 2, then t is conjugate in H to one of the 
involutions 
We have retained the notation in (2.1), so N in (2.7) is the subgroup of 
order q5 which is the largest normal 2-subgroup of H, and 2 = Z(H). We 
will use these notations throughout this paper. We will reserve the letters 
S, T, U, V, and W to denote particular subgroups of H. The letter S denotes 
the Sylow 2-group of H consisting of matrices (2.4). The remaining letters 
T, U, V and W denote maximal elementary abelian subgroups of S defined 
as follows. 
(2.8) Definition. 
T: the set of matrices (2.4) with 01 = r] = 0; 
U: the set of matrices (2.4) with 6 = E = v = 0; 
V: the set of matrices (2.4) with LX = /3 = 6 = 0; 
W: the set of matrices (2.4) with 6 = 71 + PLO! = E + pp = 0 for some 
CL # 0. 
ON CHARACTERIZATIONS OF LINEAR GROUPS. IV 227 
We have the following proposition. 
(2.9) T, U, I’, and W are self-centralizing elementary abelian subgroups of 
H,andtheyarenormalinS.Moreover,) TI =$and/ UI=l I’]=1 WI=@. 
The last group W depends on p # 0. If we need to emphasize this depend- 
ency, we denote it by W, . The diagonal matrix with diagonal entries 
(X, 1, h-2, h) is an element of NH(S) which transforms W, into W, where 
p = uh*. Hence all these groups W, are conjugate in NH(S). 
(2.10) If X is a maximal elementary abelian 2-group of H, which is 
contained in S, then X is one of the groups T, U, V or W,, . 
Proof. Suppose that X is not contained in N. Then X contains an involu- 
tion x which is not in N. Then C,(x) = T by the structure of S. Hence 
X c T and the maximality of X forces the equality. If X L N, then there is 
an involution y of X, which is not contained in Z. By (2.7) y is conjugate in H 
to one of the involutions given in (2.7). Argument is similar in all three cases. 
Suppose for example that y is conjugate to the last one, which we denote w. 
The centralizer C,(w) is the subgroup TWl of S. By (2.5) involutions of 
C,(w) are either in T or in WI . Therefore the group X is conjugate in H to a 
subgroup of T or WI . Maximality of X forces X = W, . 
(2.11) The groups U and V are normal in H, but T is never normal in H. 
The group W is normal in H if and only if 4 = 2. 
(2.12) We have 
UV=N, 
UnV=VnW=WnU=W,nW*=Z (/.L#v), 
1 Tn UI = I Tn VI = I Tn WI =q2. 
As in the proof of (2.10), many arguments of this paper depend on the 
specific knowledge on the group S. Particularly useful is the structure 
of centralizers of involutions. The next lemma is also proved by matrix 
multiplication. 
(2.13) If s E S satisfies [s, T] C Z, then s E T. 
3. NONSIMPLE CASES 
In this section G stands for a group which contains a subgroup H satisfying 
the conditions (1) and (2) of Theorem 1. We use the same notation as in the 
preceeding section and some particular letters introduced in (2.1), (2.3) and 
(2.8) retain their meanings. 
48 1/8/2-7 
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(3.1) Suppose that 2 4 G. Then H <I G and 1 G : H / divides y - I. 
Proof. For x E G, consider the automorphism 8, of 2 defined by 
e&g = x-12x. 
Then 0, is a homomorphism of G and H is the kernel of 0,. By assumption 
(2), 0+ is semi-regular on 2 - 1. Hence 1 G : H 1 divides 4 - 1. 
In the rest of this section we assume the following condition (3) in addition 
to (1) and (2): 
(3) Z is not normal, but one of the maximal elementary abelian subgroups of 
H is normal in G. 
(3.2) There is a unique maximal elementary abelian subgroup of H, 
which is normal in G. 
Proof. This is trivial. If a maximal elementary abelian subgroup of H 
is normal in G, it must be one of U, V or W by (2.10) and (2.1 I). Any pair of 
these subgroups intersects in Z. The assertion follows. 
Since the argument is the same, we may assume that U 4 G. 
(3.3) Let !Q be the set of conjugate subgroups of Z in U. Then subgroups 
in 9 form a partition of U. 
Proof. Let X be a conjugate subgroup of Z. Suppose that X n Z # 1. 
Let x be an involution of X n Z. Then by (1) both Z and X are the center 
of Co(x), so they coincide. Since there is a conjugate subgroup X of Z, 
distinct from Z, the elements of ‘p form a partition of U by (2.7). 
(3.4) Let B be the set of subgroups conjugate to T n U. If X E 2 and x 
is an involution of X, then Z(Co(x)) C X. 
Proof. Let X = U n TV. Since x E X, both U and TV are contained in 
Co(x). By (2.9), U and TV are self-centralizing in G. Hence the center of 
Co(x) is contained in U and also in TV. 
(3.5) Let P = ($J, -Ep, I) be the incidence structure which consists of Sp, 
2 defined in (3.3) and (3.4) and the incidence relation I which is defined by 
LIP if and only if LIP 
for L E 8 and P E ‘$. Then P is a projective plane of order 4. 
Proof. We verify the axioms of a projective plane. Suppose that L., and L, 
are two elements of 2. Then L, and L, are subgroups of order qa in U. Hence 
we have 1 L, n L, 1 > q. By (3.4), L, n L, admits a partition consisting of 
elements of ‘!#. Hence if 1 L, n L, / f q, then 1 L, n L, 1 2 q2. This implies 
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that L, = L, . Hence 1 L, n L, 1 = Q if & #L, . Then (3.4) yields that 
L, n L, is an element of 8. 
Suppose that Pi and Pz are two elements of 9. Since G acts transitively on 
‘p, we may assume that PI = Z. Let x be an involution of P2 . By (2.7) x is 
conjugate to an element of Tin H. If x E T* (r E H), then U n TV = (U n T)v 
is an element of 9 and U n TV contains x. By (3.4), U n TV contains Pz , so 
that UnTY=PIuPz. 
Since ‘p contains @ + q + 1 elements, and since each element of 9 carries 
exactly q + 1 elements of 9, the plane P has a nondegenerate quadrangle. 
Therefore P is a projective plane of order q. 
(3.6) The group G ’ d m uces a group of collineations of the plane P, which 
is doubly transitive on the set of points. 
Proof. G induces a collineation group of P by definitions (3.3), (3.4), and 
(3.5). By (2.7), H is transitive on elements of P different from Z. Hence G 
induces a collineation group which is doubly transitive on the set of points. 
(3.7) G has a series of normal subgroups 
GlG,IG,ZU 
such that 1 G : Gi 1 = 3 or 1, according as q s 1 (mod 3) or not, G,/G, is 
isomorphic to L,(q), G,/U is a cyclic group of order q - 1, and [G, G.J C U. 
Proof. Let G, be the kernel of the homomorphism of G into the collinea- 
tion group of P. Then by (3.6) and a theorem of Ostrom-Wagner [6], P is 
the projective plane over the field of q elements and G/G, contains a normal 
subgroup Gi/Gr which is isomorphic to L,(q). 
By (2.7) involutions of U are conjugate to each other. Hence we have 
If q = 2, then 
IG:H(=q3-1. 
Hence we have G = Gi , G, = U and G/Us L,(2). 
We will assume q > 2. There is a conjugate subgroup of Z, which is not Z. 
Hence by (2.7) two involutions of Z are conjugate in G. By a lemma of 
Burnside, they are conjugate in No(S). This implies that 
[NG(S) : N&3)] = q - 1. 
Let R be a complement of S in No(S), and set Q = R n H. Then by (3.1) 
Q Q R and [R:Q]=q-1. 
230 SUZUKI 
It follows from the structure of H that there are exactly 3 subgroups of 
order p in U which are normalized by Q. One of them is Z. Let Z, and Z, 
be the rest. Since Q 4 R, R normalizes three subgroups Z, Z, and Z, . 
Take an involution .a of Z, . Since R acts transitively on Z, - 1, C,(z) 
is a subgroup of order (q - 1)2. As C,(z) g H, C,(z) is a Hall subgroup of 
Co(x). Hence C,(z) normalizes a Sylow 2-group S, and is conjugate to Q in 
G. In particular C’,(z) is a direct product of two cyclic groups of order q - 1. 
This implies that Co(x) is contained in the center of R. Similarly if a’ is an 
involution of Z, , Co(z’) is in the center of R. Since 
Q = C,(z) x C&4, 
Q is a subgroup of Z(R) and R/Q is cyclic. This implies that R is an abelian 
group which is a direct product of 3 cyclic groups of order q - 1. 
, C,(z) normalizes a Sylow 2-group S, and by definition centralizes .a E Z(S,). 
Hence by (2), C,(x) centralizes Z(S,). On the other hand, if x E Z, , then 
x = P with u E R. Since R is abelian, C,(z) centralizes X. Hence CR(z) 
centralizes Z(S,) u Z, of U. Since C,(z) is conjugate to Q, C,(z) does not 
commute with more than p elements of U. This implies that Z, = Z(S,). 
Similarly, Z2 is the center of a Sylow 2-group of G. 
The group U n T is normalized by R. Hence we may assume that 
Z, C U n T. By the structure of S, Z, has exactly q conjugate subgroups in 
S and Z, has q2. There are exactly 1 + q + q2 subgroups of U which are 
conjugate to Z. Hence any one of them is conjugate to Z, Z, or Z, in S. 
The subgroup R normalizes T, and also T n N. Hence there is a subgroup 
Tl of T such that T,(T n N) = T, Tl n N = 1 and Tr is normalized by R. 
This follows of course from the complete reducibility of R in T. Similarly Y 
contains a complement Vi of (TU) n I’, which is normalized by R. From the 
structure of S, it follows that Tl , Vi and U generate S. Thus, 
(Tl , V,) U = S. 
Take an involution t of T and an involution v of V. Since / Tl 1 = 1 VI 1 = q, 
the centralizer R, = Ca(t, v) of t and v has order at least q - 1. We claim 
that R, centralizes (T, , V,). If t’ E T, then there is an element x of R such 
that t’ = P. Since R is abelian, R, centralizes t’. So [R,, , Tl] = 1. Similarly 
[R,, , V,] = 1, and hence R. centralizes ( Tl , VI). 
Finally we want to show that R, C G, , where G, is the kernel of the homo- 
morphism of G into the collineation group of P. Let P be an element of ‘$.J. 
Then P is a subgroup of U which is conjugate to Z. We have shown that P 
is conjugate to Z, Z, or Z, in S. Hence there is an element y of ( Tl , VI) such 
that 
P = y-1ziy where i=O, 1,2 and z = z, . 
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If w E R, , then w normalizes Zi and centralizes y. Hence w normalizes P. 
This proves that R, C G, . 
The proof of (3.7) is now easy. Define R, = G, n R. Then R, normalizes 
every conjugate subgroup of 2. Let R, be the centralizer of z E 2 in R, . 
By definition / R, : R, ) < q - 1, and R, centralizes Z. This implies that R, 
centralizes U and hence R, = 1. This may be proved as follows. Let x E R, 
and y E Z, . If y # 1, the element yz belongs to a conjugate subgroup Zs 
of Z such that Z, n Z, = 1. Then (yz)” E Za . This implies that 
(YZ)” (YZ)-l = yy-1 E Z, n Z, . 
Hence yz = y and [Z, , R,] = 1. Similarly [Z, , R,] = 1. Since U is self- 
centralizing, we have R, = 1. 
Since R, = 1, we have 1 R, 1 < q - 1. On the other hand R, 1 R, by 
definition. Hence we have [G, : v] = q - 1. Since 1 G : H 1 = 4” - 1, we 
obtain 
I G : G, I = q3(43 - 1) (q2 - I>, 
and G/G, contains a normal subgroup isomorphic to L,(q). This proves the 
first two restrictions in (3.7). S ince 1 R, ) = q - 1, R/R, is a direct product 
of two cyclic groups of order q - 1. Then R, is a cyclic group of order q - 1. 
The isomorphism R, E G,/U yields the third. Since G is the normal closure 
of No(S), we have [G, G,] C U. The proof of (3.7) is complete. 
In the course of the proof of (3.7) we established the structure of No(S)/S. 
This is useful in general discussion. In (3.8) below we do not assume the 
condition (3). 
(3.8) Let G be a group which contains a subgroup H. Suppose that H 
satisfies the conditions (1) and (2) of Theorem 1. If an involution of Z is 
conjugate to an involution of U - Z in G, then No(S is abelian and is a 
direct product of three cyclic groups of order q - 1. 
A similar statement holds if an involution of Z is conjugate to an involu- 
tion of V-Z. 
4. NECESSARY LEMMAS 
We collect several lemmas in this section. 
(4.1) Let u and w be two involutions of G. If u is not conjugate to v in G, 
then there is a third involution w such that 
(i) w commutes with both u and v, and 
(ii) wu is conjugate in G to either u or V. 
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This lemma is known (cf. [I]) and is a consequence of the fact that the 
group generated by u and a is a dihedral group with nontrivial center. The 
element w is the involution of the center. Furthermore, the group (u, v) 
has exactly three conjugate classes of involutions. One of these classes con- 
sists of the element w only. The assertion (ii) follows. 
A group is called a (TI)-group if the intersection of two distinct Sylow 
2-groups is always trivial. The structure of (TI)-groups has been studied in 
[S]. The following special case of the main theorem on (TI)-groups is useful. 
(4.2) Let G be a (TI)-group with noncyclic abelian Sylow 2-groups. Let Y 
be the order of a Sylow 2-group of G. If G is not 2-closed, then G contains a 
normal subgroup of odd index, which is isomorphic to L,(Y). 
Proof. This follows almost immediately from the main theorem on (TI)- 
groups [S]. By Th eorem 6 of [8], G has a series of normal subgroups 
G 2 G1 1 G, 2 1 such that both G/G, and G, are of odd order, G1/Gz is 
isomorphic to L,(Y) and G, is in the center of G1 . Since the group of multi- 
pliers of L,(Y) is at most of order 2, the extension of G1 over Gz splits. If G3 
denotes a complement of G, in G, , G3 is a direct factor of G1 . Hence G3 
is a normal subgroup of G with odd index, and is isomorphic to L,(Y). 
(4.3) Let G be the group L2(y) for Y = 2” > 2. Then the following 
properties hold: 
(i) There is a cyclic group C of order Y - 1 which normalizes exactly 
two Sylow 2-groups S, and S,; 
(ii) C acts regularly on Si - 1 (; = 1,2); 
(iii) There is an involution t of G, which inverts every element of C; 
(iv) For any choice of an involution t, which satisfies the condition (iii), 
there is a unique involution s of S, such that 
(ts)3 = 1. 
Proof. If we identify G as the totality of 2 x 2 matrices of determinant 
1 over the field of Y elements, one of the subgroups satisfying the condition (i) 
is generated by the diagonal matrix with w and w-l on the main diagonal, 
where w is a primitive element of the field. Then 
SI = ]( ,)I and s3 = I(’ ‘;)I 
are the only Sylow 2-groups which are normalized by C. The involution 
t which satisfies (iii) is conjugate to 
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and for this choice, 
1 
$=l 1 ( ) 
is the only element of S, satisfying (ts)” = 1. 
(4.4) Let G be a (TI)-group and S a Sylow 2-group of G. Assume that S 
is a noncyclic abelian group of order r and that G is not 2-closed. Let K 
be a complement of S in NG(S). Then K normalizes exactly one more Sylow 
2-group. There is an involution t of G which normalizes K, and for each 
choice of t, S contains a unique involution s which satisfies (ts)3 = 1. 
Proof. Each element of G induces a permutation of Sylow 2-groups by 
conjugation. This representation of G is doubly transitive by (4.2). A sub- 
group of G consisting of elements which leave two Sylow 2-groups invariant is 
conjugate to K. If N denotes the normal subgroup of G, which is isomorphic 
to L2(r), N n K is a cyclic group, which satisfies the properties (i)-(iii) of 
(4.3). Since the involution t exchanges S, = S and S, , t normalizes K. 
(4.4) follows from (4.3). 
(4.5) Let G be a group and S a Sylow 2-group of G. Assume that S is an 
elementary abelian group of order q2 where q > 2. Suppose furthermore 
that S contains two subgroups U and V of order q, which satisfy the following 
conditions S = U x V, both U and V are normal in No(S). If there is no 
Sylow 2-group S, such that ( S : S n S, 1 = 2, then a maximal intersection 
of Sylow 2-groups contains either U or V. 
Proof. Let D = S n S, be a maximal intersection of Sylow 2-groups S 
and S, . Then C,(D)/D is a (TI)-group which is not 2-closed. By assumption 
Y = / S : D 1 > 2. Hence its Sylow group S/D is not cyclic. By (4.2), there 
is a normal subgroup L of C,(D) such that L/D is isomorphic to L,(Y). Since 
L has an elementary abelian Sylow 2-group, the extension of L over D splits. 
Hence L contains a subgroup L, such that L = L,D and LO n D = 1. The 
group L, is isomorphic to L,(Y). 
By (4.3), L, contains a cyclic group X of order Y - 1 which normalizes S. 
Since S = U x V, each element of S has a form uv with u E U and v E V. 
If x E X, x normalizes U and V. Hence x centralizes UV, if and only if x 
centralizes both u and v. Since X acts regularly on S/D, we have C,(X) = D. 
Hence 
D = C,(X) x C,(X). 
Clearly X normalizes UD and VD. Since X acts regularly on S/D, we have 
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either UD = S or VD = S. If S = UD, then D contains V. Similarly if 
S = VD, then D I U. 
(4.6) Let G satisfy the same assumptions as (4.5). In addition we assume 
that both U and I/ are maximal intersections of Sylow 2-groups and that no 
maximal intersection has index 2. Then G contains a normal subgroup G,, 
of odd index such that G,, is a direct product of two groups both isomorphic 
to hdd* 
Proof. By assumptions and by (4.5) only maximal intersections of Sylow 
2-groups are U and V. 
Suppose by way of contradiction that there is an intersection D = S n S, 
which is not 1, U, V nor S. Since maximal intersections are U and V, we 
may assume that D C U. Consider G,, = &(0)/D. S,, = S/D is a Sylow 
2-group of GO and is a direct product of U,, = U/D and V, = VOID. U, and 
V,, are normal subgroups of the normalizer of S,, in GO . Hence by a lemma 
of Burnside [2], involutions of V, are not conjugate to any involution of 
S, - V, in G,, . If x is an involution of SO - U,, , then the centralizer of x 
in GO is 2-closed, because SO is the only Sylow 2-group of GO which contains x. 
Let x be an involution of V,, and y be an involution of S,, - (U, u V,,). 
S,/D contains an element yr which is conjugate to y. Since x is not conjugate 
to yr in GO , there is by (4.1) an involution z which commutes with both x and 
yr . But the centralizers of x and yr are 2-closed. Hence x belongs to S, and 
SJD. This is a contradiction. 
Let S, be a Sylow 2-group of G, which satisfies S n S, = 1. Then 
S, = U, x VI where U, is conjugate to U and VI is conjugate to V. We claim 
[VI, U] = [U, ) V] = 1. 
Let x be an involution of S, , which is not contained in U, nor V, . Then 
S, is the only one Sylow 2-group of G containing x. Hence Co(x) is 2-closed. 
Let u be an involution of U. Then u is not conjugate to x in G. Hence by (4.1) 
there is an involution w which commutes with both x and u. The commuta- 
tivity of x and w yields that w E S,. Let S, be a Sylow 2-group of G, which 
contains (u, w). Then S, n U # 1. Hence S n $2 U. We have 
S, n S, # 1. Since U, # U, S, does not contain U, . Hence 
S, n S, = VI and s, = v, x u. 
Similarly we prove that S, = U, x V is a Sylow 2-group of G. The com- 
mutativity follows. 
The preceding argument yields the number of Sylow 2-groups of G. There 
are exactly 1 + q Sylow 2-groups which contain V. There are exactly q 
Sylow groups, besides S, which contain U. If S, is one of them, S, = U x VI 
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where Vi is conjugate to V. There are exactly 1 + q Sylow groups which 
contain V, . The above argument shows that arbitrary Sylow 2-group has 
been counted without duplication. Hence G contains 
1 + q + q(l + q) = 1 + % + !I2 = (1 + 9)” 
distinct Sylow 2-groups. 
We can finish the proof of (4.6). A s in the first paragraph of the proof of 
(4.5), Co(U) contains a subgroup L, such that L, is isomorphic to L,(q) and 
L, 2 I’. The group L, is generated by I’ and Vi where Vi is a conjugate 
subgroup of V. Similarly, Co( I’) contains a subgroup L, which is isomorphic 
to L,(q) and L, 1 U. Then L, is generated by U and its conjugate U, . Two 
groups Vi x I’ and Vi x U are Sylow groups. Their intersection is trivial, 
because U n U, = V n VI = 1. Hence we have 
[U,) V,] = [U, v] = 1. 
This implies that (L, , L,) = L, x L, . Denote (L, , L,) by GO. Then G, 
is generated by involutions and contains all the Sylow 2-groups of G. Hence 
GO is a normal subgroup of odd index. 
5. STRUCTURE OF NG(T) 
We return to the proof of Theorem 2. In the remaining sections we will 
always assume the following set of assumptions: 
(1) G2 H, 
(2) HsH,forq=2n>2, 
(3) H = Co(j) forj E Z(H) and j # 1, and 
(4) no maximal elementary abelian subgroup of H of order qa is normal 
in G. 
We want to prove that under these assumptions G is isomorphic to L4(q). 
This section is a study of the structure of No(T) where T is the elementary 
abelian subgroup of order $ defined in (2.8). 
(5.1) N,(T) is not 2-closed. 
Proof. By way of contradiction, suppose that NG(T) is 2-closed. Since T 
is a characteristic subgroup of S, we have NG(T) 3_ No(S), By assumption 
N,(T) is 2-closed, so we have 
NG(T) = NG(~). 
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We want to prove that if t is an involution of T - N, then C,(t) is 2-closed. 
The structure of S yields that 
C,(t) = T. 
Let X be a Sylow 2-group of Cc(t), which contains T. There is a 
Sylow 2-group Y of G, which contains X. Then Y is isomorphic to S. 
Therefore T is normal in Y. Since N,(T) = No(S), we have Y = S and 
X = C,(t) = C,(t) = T. 
Hence T is a Sylow 2-group of Co(t). This yields that t is not conjugate in G 
to any involution of N. Suppose that Cc(t) is not 2-closed. Let D be a maximal 
intersection of Sylow 2-groups, which is contained in T. Then D = T n Tl 
for a subgroup Tl # T, which is conjugate to T in C,(D). If Tl n 2 # 1, 
then both T and Tl are contained in H. This implies that T n Tl C N. This is 
notthecasesincetED-N.HenceT,nZ=l.Ifwedenotey=IT:DI, 
then Y > q. 
By assumption Y 3 4. Hence by (4.2) and (4.3) C,(D) contains a cyclic 
group C of order Y - 1, which normalizes T. Moreover C acts on T/D 
regularly. Hence an involution of 2 has at least Y - 1 conjugate elements 
in NG(T). But 
No(T) = N&3) C N&Z). 
Hence Y - 1 < q - 1, which together with the previous inequality implies 
Y = q. We have 
T=ZxD. 
Hence [T, C] C Z as C C CG(D). We have 
[T, C, S] = 1. 
Since [S, T, C] C Z, we obtain 
[C, S, T] C Z 
by the three-subgroups lemma (cf. [Jj). By (2.13), [C, S] c T. This yields 
[S, C] = [S, C, c] C [T, C] _C Z. 
Since C is a group of odd order, which centralizes the Frattini quotient of S, 
we have [S, C] = 1. This is a contradiction, because C acts regularly on T/D 
and q > 2. This proves that Co(t) is 2-closed foe an involution t of T - N. 
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By assumption there is an element x of G such that 2, = 2” is different 
from 2. Consider two involutions u and v such that 
UE(T-N) and v E 2. 
Then u and v are not conjugate in G. Hence by (4.1), there exists an involution 
w which satisfies the two conditions: 
[u, w] = [v, w] = 1 
and 
VW is conjugate to either I( or v. 
Since u E (T - N)“, Co(u) is 2-closed and TX is the Sylow 2-group of Co(u). 
Hence w E TX. On the other hand, w E Co(v) = H. We may assume w E T 
by (2.6). If w E T - N, then Co(w) is a 2-closed group whose Sylow 2-group 
is T. Hence u E T, which implies that u E T - N as remarked earlier. 
Therefore T = Tl . This means that x E N,(T). We have x E No(S) and 
z = 2, , a contradiction. 
So we have w E T n N. Hence VW is also in N. This implies that VW is 
conjugate to v, since u is not conjugate to any element of N. If w 6 2, then 
VW is not contained in 2 either. Hence by (2.7) an involution y of T - 2 
is conjugate to an involution of 2. There is a Sylow 2-group S, of Co(y), 
which contains T. Since y $2, we have S, # S. This is a contradiction. 
The only case left is the case that w E 2. Since w E TX, TX is a subgroup of 
H. Therefore there is a Sylow 2-group S, of H, which contains TX. The group 
S, is different from P, since 2 # 2’“. This implies that No(T) is not 2-closed 
against the assumption. 
(5.2) NG(T>/T is not a (TI)-group. 
Proof. The group NG(T)/T has an elementary abelian Sylow 2-group 
of order q*. By (5.1) it is not 2-closed. If No( T)/T is a (T+group, there is an 
element of order q2 - 1, which normalizes S. This yields that an element of 
order q + 1 normalizes S and centralizes an involution of 2. This is not the 
case. 
(5.3) If a Sylow 2-group S, of G, # S, contains T, then 
S n S, = TU, TV or T. 
Proof. We prove that the group NG(T)/T satisfies the assumptions of 
(5.5). We have 
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and both TU and TV are normal subgroups of No(S). Since q > 2, no 
maximal subgroup of S has a center of order > q. Hence if S, is a Sylow 
2-group of G, then 1 S : S n S, j f 2. By (5.5) a maximal intersection D of 
Sylow 2-groups such that D > T contains either TU or TV. Suppose that 
D = S A S, . Then if D 3_ Lr, then Z(S,) C U. Hence D is the centralizer 
of Z(S,) in S. Hence we obtain D = TU. Similarly if D I V, then D = TU. 
If S n S, is any intersection of Sylow 2-groups S and S, , and if S n S, 
contains T as a proper subgroup, then T contains Z(S,). Hence S 17 S, 
contains C,(Z(S,)). By the structure of S, we have 1 S n S, 1 > 45. Hence 
S n S, is a maximal intersection and is either U or V. 
(5.4) There is a pair of Sylow 2-groups S, and S, such that S n S, = TU 
andSn S, = TV. 
Proof. Suppose, by way of contradiction, that (5.4) is false. By (5.2), there 
is a Sylow 2-group S, of G such that S, # S and S n S, # T. By (5.3) we 
may assume that S n S, = TU. Then 
T n U = Z x Z(S,) 
and every involution of U is conjugate to an involution of 2. Therefore 
and by (3.7) the group No( U)/U has only one composition factor of even 
order. This composition factor is L”(q). Hence there is only one conjugate 
class of involutions in No(U)/ U. Hence an involution of T - iV is conjugate 
in NG( U) to an involution of N - U. It follows from (2.7) that any involution 
of NG( u) - U is conjugate to an involution of (T n N) - U in NG( u). 
Suppose that there is an involution u of (T n N) - U, which is conjugate 
to an element of Z. Then C,(u) is a group of order q5, which is not TU. There 
is a Sylow 2-group S, of Co(u), which contains C,(U). Since u is conjugate to 
an element of Z, S, is a Sylow 2-group of G. We have S # S, . Hence 
S n S, is a group of order q5, which is different from TU. This is not the 
case. Therefore no involution of No(U) - U is conjugate to an element of Z. 
Let x be an element of (T n N) - U, and consider X = Co(x). We will 
show that Co(x) C NC(U). Since I T n U / = q2, there is an involution y of 
(T n U) - Z. Let z be an involution of Z. Since y E U, C,(y) is the group 
TU. Let S, be a Sylow 2-group of Co(y), which contains TU. From the 
structure of NG( U), it follows that x $ Si . Hence C~(X, y) is a group of order 
not divisible by q5. Clearly C,(y) = CG(X, y). On the other hand, C~(X, z) 
is the same as C,(x). Hence the order of C,(z) is divisible by 4”. This 
implies that y is not conjugate to z in C&X). 
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Let Tl be a conjugate subgroup of T contained in X. Then Tl contains a 
conjugate element z, of y. By (4.1) there is an involution w of X such that 
[w, z] = [w, v] = 1, 
ZW is conjugate to either x or v in X. 
The involution zw is conjugate to an element of 2, and is contained in H. 
Hence zw E U, and this implies w E U. Therefore Cc(w) Z No(U). Since 
[w, v] = 1, v is an involution of Nc( U), which is conjugate to an element of Z. 
Hence v E U. Since Co(v) C No(U), we have Tl C NG( U). Hence 
IT,nU/=ITnUI=q2. 
This yields that 
T,nU=TnU and T, = T. 
If h E X, then h normalizes T, and hence T n U. We have 
uh c Cc(Z) = H. 
By (2.10), iY is conjugate to one of the groups U, V and W, in H. Since 
U n Uh 2 T r\ U, we must have U = Uh. Since h is arbitrary, Co(x) is a 
subgroup of NG(U). W e h ave shown that an involution v of No(U) - U is 
conjugate to an element of (T n N) - U by an element of No(U). This 
implies that 
C,(v) C N&J) 
for any involution of N,(U) - U. But if v is an involution of U, the same 
containment holds also. Hence No(U) contains the centralizer of any involu- 
tion of NG(U). By a result of [7], either G has only one conjugate class of 
involutions or else G D No(U). But we have proved that G has more than 
one class of involutions. Hence G D NG( U). Since U is a characteristic 
subgroup of No(U), U is a normal subgroup of G. This is a contradiction. 
(5.5) The group N,(T)/T is a direct product of three groups, two of 
which are isomorphic to L,(p), and the third is a cyclic group of order q - 1. 
Proof. By (5.3) and (5.4), N,(T)/T satisfies the assumptions of (4.6). Hence 
there is a normal subgroup L which is a direct product of two groups L, and 
L 2, and L, EL, z L,(p). Let P be a Sylow 2-group of L. Then 
and P = P, x P, 
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where Pi = P n Li (; = 1,2). Let C be a complement of P in the normalizer 
of P in No(T) Clearly C is isomorphic to K. By (3.8), C is isomorphic to a 
direct product of 3 cyclic groups of order 4 - 1. 
By definition NG(T)/T = LC, and C n L = C, x C, where Ci = C n Li 
is a complement of Pi in its normalizer in Li . Hence Ci is a cyclic group of 
order 4 - 1. It follows from (4.3) that Li contains an involution ti such that 
L, = (Pi , ti) and ti normalizes Ci . The group C normalizes (Ci , ti), 
because (Ci , tJ is the normalizer of Ci in Li . Hence C permutes the involu- 
tions of (Ci , ti). Ci acts transitively. Let C, denote C,(t,) n Cc($). 
Then 1 C : C, 1 < (4 - 1)s. On the other hand we have 
C3n(Cl x C,)=l, 
which implies 1 C : C, 1 > (4 - 1)2. Hence 1 C’s 1 = q - 1 and 
c = c, x c, x c, . 
By (4.3(iv)) Pi contains a unique element si such that (Siti) = 1. Since 
C’s normalizes Pi and centralizes ti , the uniqueness of si yields that C, 
centralizes si . We have 
Li = (Pi, ti) = (C. s. t.>. I9 2, t 
Hence C, centralizes Li . This proves that 
NC(T) -=L, XL, x c, T 
where Li E L,(q) and C, is a cyclic group of order q - 1. 
6. THE SUBGROUP Go 
In this section we construct a subgroup of G with an appropriate (BN)-pair. 
Throughout this section we denote 
NC(S) = B = SK and SnK=l, 
and the complement K of S is arbitrary chosen but fixed in sequel. 
(6.1) K is a direct product of three cyclic groups of order q - 1. We 
have N,(K) = 1. 
Proof. The first assertion follows from (3.8). By assumption N&S) 
contains an abelian subgroup A of order (q - l)2 such that C&I) = 2. By 
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(5.2), involutions of 2 are conjugate to each other. Hence C,(K) = 1. The 
assertion holds because N,(K) coincides with C,(K). 
(6.2) Let R be a Sylow 2-group of G, which contains T. Then K normal- 
izes R if and only if K normalizes Z(R). 
Proof. If K normalizes R, then K normalizes Z(R) as Z(R) is a character- 
istic subgroup of R. Suppose conversely that K normalizes Z(R). Let x E K. 
Then R and Rx are two Sylow 2-groups of &-(2(R)). Since both R and Rx 
contains T, Rx coincides with R by the structure of H. 
(6.3) There are exactly 4 Sylow 2-groups S, S, , S, and S, in G, which 
contain T and are normalized by K. 
Proof. By (5.5), NG(T)/T is isomorphic to a direct product of one cyclic 
group of order q - 1 and two groups isomorphic to L,(q). Since SK/T is the 
normalizer of S/T, KT/T normalizes exactly 4 Sylow 2-groups of NG(T)/T. 
(6.4) In suitable notation we have 
S n S, = TU, SnS,=TV and S n S, = T. 
If we denote 2, = Z(S,) for i = 1,2, 3, then 
22, = T n U, ZZ,= Tn V and T = Z,(T n IV). 
Proof. Exactly one of the Sis contains TU. Hence we may assume 
S n S, = TU. Similarly one of the remaining two satisfies S n S, = TV. 
By (5.3) we have S n S, = T. 
The center of TU is T n U and is generated by Z and Z, . Hence 
ZZ, = T n U. Similarly ZZs = T n V. Since S n S, = T, Z, is not 
contained in T n N. In this case we have 
Z,nN=l and T = Z,(T n N). 
(6.5) There are two involutions t, and t, in N,(K) which satisfy the 
following properties: 
(i) Vz = VI , 
(ii) NG(TU) = (K, S, tl) and N&TV) = (K, S, tz), 
(iii) the conjugation by t, sends Z into Z, and Zs into Zs , 
(iv) the conjugation by t, sends Z into Zs and Z, into Zs . 
Proof. Consider the group NG(T)/T. By (5.5) it is a direct product of 
three groups L, , L, and C where Li are isomorphic to L,(q) and C is a cyclic 
group of order q - 1. Let K,, = KT/T. Then K, n L, is a cyclic group of 
order q - 1, which normalizes a Sylow 2-group (S/T) n L, of L, . By 
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(4.3(iii)) L, contains an involution x which normalizes K,, n L, . Since K, 
normalizes exactly two Sylow 2-groups of L, , x normalizes K,, . Let y be an 
element of G such that x = Ty. Then y normalizes TK and X = (TK, y> 
contains TK as a normal subgroup of index 2. Hence 
X = TN,(K). 
On the other hand, 
T n N,(K) = N,(K) C N,(K) = 1, 
by (6.1). Hence the group N,(K) is a complement of T in X. We have an 
involution t, such that 
t1 E N&-q and x = Tt, . 
Since x EL, , t, satisfies (ii). If t, normalizes S, t1 is an element of S. This is 
not the case by (6.1). Hence t, transforms S into S, . Since t1 does not 
normalize S, either, tl must transform S, into S, . 
Similarly N,(K) contains an involution t, which satisfies (ii), (iv), and 
Tt, EL, . The pair of involutions tl and 5, satisfy all the requirements. In 
order to prove this, it suffices to prove (i). Since Ttl EL, and Tt, EL, , the 
commutator [t, , t3] is an element of T which normalizes K. By (6.1) we have 
[b,t,l = 1. 
We remark that if a pair of involutions (tl , tJ satisfies the conditions of 
(6.5), then the pair (t; , s t’) where t: = kilt& for i = 1,2 and Ki E K, satisfies 
them also. 
(6.6) NG(.Z) contains an involution t such that 
(i) NG(Z) = (K, S, t) and 
(ii) t E N,(K). 
Furthermore, if t, and t, are suitably chosen, then they satisfy the conditions 
of (6.5) and the following additional condition: 
(iii) (tt1)3 = (2tJ3 = 1. 
Proof. By (3.7), the structure of N&2)/Z is a direct product of L,(q) 
and two cyclic groups of order p - 1. The first half of (6.6) may be proved 
by similar argument as in (6.5). 
For (iii), we remark that 
<K S, t, h> = NC(Z) k(TU) = &(U) 
by (6.5 (ii)), (6.6 (i)), and (3.7). If we replace tl by a suitable conjugate element 
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h-lt,k(K E K), we may assume that t and 2, generate a dihedral group of 
order 6 modulo U. Then (ttJ3 belongs to N,(K); By (6.1) we have (tt1)3 = 1. 
Similarly we may choose t, in such a way that tl and t, satisfy the conditions 
of (6.5) and (tt$ = 1. 
(6.7) Define A to be the subgroup generated by K, t, , t, and t: 
A = (K t, , t, 9th 
Then A Z NG(K) and A/K is isomorphic to the symmetric group on 4 letters. 
Proof. Consider the group P generated by t, , t, and t. By (6.5 (i)) and 
(6.6 (iii)), P is a homomorphic image of the symmetric group of 4 letters. Since 
tl # t, , P is isomorphic to the symmetric group on 4 letters. 
(6.8) Define G, as 
GO = BAB. 
Then G, is a subgroup of G, which has a (BN)-pair in the sense of Tits [9] 
with the symmetric group on four letters as the Weyl group. 
Proof. We will prove that G,, is a subgroup of G by showing. 
w,Bwu, C BAB for Wr,Ws~P=(t1,tz,t). 
Since B = SK and wi E N,(K) we need to consider only wrSw, . Since w is a 
product of t’s, we may assume that wr is one of the generators tl , t, or t. 
The argument is the same for tl and t, . So we may assume that w, is either 
t, or t. Since 
(B, t, tr) = NC(~), 
the subgroups B and <K, t, tl) form a (BN)-pair for No(U). This implies that 
YSW C BwS v BYWS (6.9) 
for any w E (t, tl> and r = t or t, . Since the group P generated by tl , ta 
and t is the symmetric group on 4 letters, elements of P have the form 
W, wt, > wt,t or wt,tt, 
where w E (t, tl). By (6.9) we have 
YSWU _C BwSu u BrwSu, 
where u = t, , t,t or t,tt, . Hence it suffices to show that 
WSU _C BwuS 
for w E (t, tl) and u = t2 , t,t or tzttl . 
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The element 2, normalizes TV by (6.5 (ii)). Since S = UTV, we have 
wSt, = wUTVt2 = Uwt,TV C Bwt,S, 
since w E No(U). 
Suppose that u = t,t. By (6.4) we have 
T = Z&T n N), so S = Z,N. 
Hence 
wSu C Bwt,St = Bwt,Z,NT 
= BwZ,t,tN _C BZ,zowuS = BwuS, 
since t, transforms Z, into Z, and Z, C U by (6.5 (iv)) and (6.4). 
Suppose finally that er = t&t, = ut, . Since t normalizes both N and U, 
Zzt is a subgroup of N, which is not contained in U. Hence we have 
This yields that 
S = NTU = ZztTU. 
wSv C Bwt,tZstTUt, = Bwt&,tt,TU. 
By (6.5 (iv)), tJz = Zt, . Since w E NG(U) and Z C U, we have Z”O C U. 
Hence 
wSv C BwZt,tt,TU = BZ%vTU C BwvS. 
We have shown that the subset G, = BAB is a subgroup and the pair 
(B, A) of subgroups forms a (BN)-pair of Tits [9]. 
(6.10) G, is isomorphic to L,(p). 
Proof. Since G, haa a (BN)-pair with the symmetric group on 4 letters as 
the Weyl group, G,, involvesL,(q) (cf. [ZI]). According to [IO], Corollary 2.7, 
normal subgroups of G0 either contains S, or is contained in B. But any 
normal subgroup of Ge which is a part of B is contained in U n V = Z. 
Since G,, # No(Z), we conclude that no proper normal subgroup of G,, is 
contained in B. The normal subgroup Gr of G,, generated by S is then iso- 
morphic to L,(p). Considering the order of the normalizer of S, we see that B 
is contained in Gr . On the other hand, we have 
Go = G,B. 
Hence G0 = Gr and the assertion follows. 
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7. IDENTITY G = Go 
In the preceeding section we established the existence of a subgroup Gs 
which is isomorphic toL&) and is generated by B, tr , ts and t (cf. (6.8) and 
(6.10)). It is known that &(p) has two conjugate classes of involutions. One 
class contains an involution x of the center of S: the other class contains an 
involution u of T n N which is not contained in U or V. The involution u 
corresponds to the matrix 
i 1 1 1 1 1 * 
The centralizer Co(z) is contained in G, , but Co(u) may not. We have the 
following proposition. 
(7.1) If Co(u) is contained in G, , then G = G,, . 
Proof. Let v be an involution of G, . Then v is conjugate to either z or u 
in G,: 
x-%x = 2 or u 
for some x E G, . This implies that 
x-V,(v) x = C,(a) or cG(u) 
and in either cases we have Co(v) C G,, . We apply a result of [7J If there is an 
involution which is not contained in G, , then G, has only one conjugate 
class of involutions. This is not the case. Hence G, is a normal subgroup of 
G. This yields that G = G,,No(S). Since B = No(S) is contained in Gs , 
we conclude G = G, . 
(7.2) We have 
Cc(u) n Go C N,(T). 
This follows from the identification of G,, = L,(q) and 
I 
ld= I I ( ) where I=l 1. ( ) 
(7.3) The involution u is not conjugate to a in G. 
Proof. Both C,(u) and Co(z) contain a single conjugate classes of element- 
ary abelian groups of order. @. Both contain T. The normalizer of T in 
C,(U) n Go is not 2-closed. On the other hand, N,(T) is 2-closed if 
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H = C,(x). Hence Co(u) is not isomorphic to C,(x). The assertion (7.3) is 
obvious. 
(7.4) Let v be an involution of Co(z), which is conjugate to u. Then 
CG(.z, v) is 2-closed. I t h as an abelian Sylow 2-group if and only if v $ N. 
This follows from the structure of H = Cc(z). 
(7.5) We have Co(u) C Ga . 
Proof. Suppose that C,(U) $ G,, . Then there is a conjugate subgroup of T 
such that 
T” # T, Ta C G(u) 
and 
T n Ta has maximal possible order. 
Put D = T n Ta. D contains u. Since C,(D) is not 2-closed, D contains no 
involution which is conjugate to z in G. In particular we have 
Hence 1 T/D 1 > q2. 
DnU=l. 
By (6.4) there is a Sylow subgroup S, such that 
SnS,=TU and Z(S,) Z = T n U. 
If S’ denotes the commutator subgroup of S, then 
S’=SnN and S’nS;=TnU. 
Hence if zr is an involution of Z(S,), then Cc(u, zr) has an abelian Sylow 
2-group by (7.4). Th is implies that zr is not conjugate to z in Co(u). By (4.1), 
there is an involution w of C,(U) such that 
[w, z] = [w, Zla] = 1, 
wz is conjugate to z or zr in Cc(u), 
where a is the element of Co(u) defined previously by D = T n T”. Since 
Co(u, zr”) is a 2-closed group with an abelian Sylow 2-group, we have 
w E T@. On the other hand, the first equation [w, z] = 1 implies that 
w E Co(u, z). Since wz is conjugate to z in G, w must be an element of T. 
Hence 
WET~T”=D. 
The element w is conjugate to u in G, but wz is conjugate to z. This implies 
that w E T - N. Hence Cs(u, w) = T. 
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Suppose that T is not a Sylow 2-group of Co(D). Then there is a Sylow 
2-group P of Co(D), h’ h w ic contains T, and a Sylow 2-group Q of Co(u) 
which contains P. Since u is not conjugate to any element of 2, C,(U) is a 
Sylow 2-group of Co(u). From the structure of C,(U) it follows that Co(x) = T 
whenever x is in T but not in Z(Q). By assumption P # T. Hence D is 
contained in the center of Q. If 6 is an element of Cc(u), which transforms Q 
into C,(U), then Db is a subgroup of the center of C,(U). Hence Db is a sub- 
group of N. Since b normalizes T, Db is the intersection of T and Tab. This 
is impossible, because we have shown that any such intersection contains 
an involution not in N. This proves that CG(D) has an abelian Sylow 2-group. 
Since D was a maximal intersection, C,(D)/D is a (TI)-group. As shown 
earlier r = 1 T/D / is not smaller than q2. By (4.3) there is a cyclic subgroup C 
of order r - 1 in NG(T) n QD). By (6.5) and (6.8), NG(T) is contained 
in G, . Since G,, z&(q), the order of elements in Nc( T) n C&u) is at most 
q + 1, if it is odd. Hence we have 
q2-l<r--1<q+1. 
This implies q < 2, and proves (7.5). 
(7.1) and (7.5) finish the proof of the main theorems. 
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